STATIONARY HOLOMORPHIC DISCS AND FINITE JET DETERMINATION 

PROBLEMS 



FLORIAN BERTRAND AND LEA BLANC-CENTI 

Abstract. We construct a family of small analytic discs attached to Levi non-degenerate hypersurfaces 
in C+^j which is globally biholomorphically invariant. We then apply this technique to study unique 
determination problems along Levi non-degenerate hypersurfaces that are merely of class . This method 
gives 2-jet determination results for germs of biholomorphisms, CR diffeomorphisms, as well as in the almost 
complex setting. 



Introduction 

For many geometric structures, the automorphisms depend only on a finite number of parameters. For 
example, an isometry (/? : M — >■ M of a connected Riemannian manifold M is uniquely determined by its 
value ^p{p) and its differential dipp at any given point p G M, that is, by its 1-jet j^Lp. In complex analysis, 
biholomorphic automorphisms of a bounded domain in C" are uniquely determined by their 1-jet at any given 
point inside the domain |Ca2] . What about the analogous statement if the point is taken on the boundary 
of the domain? It is a well-known fact that biholomorphic automorphisms of the unit ball B" C C" extend 
holomorphically through the boundary and are uniquely determined by their 2-jets, but not by their 1-jets, 
at any given boundary point. 

This problem is related with the local equivalence problem for boundaries of domains, or more generally 
for real hypersurfaces, which was started on in complex dimension 2 by H. Poincare. Two real hypersurfaces 
F and F' are said to be locally equivalent at p G F and p' G F', respectively, if there exist a neighborhood V of 
p and V of p' and a biholomorphic mapping F : V ^ V so that F{V n F) = V' f^T' . Local equivalence is a 
very restrictive condition, since it leads to an overdeterminated inhomogeneous system of partial differential 
equations for the biholomorphic mapping. If such an F exists, then how unique is it? To answer this 
question, one has to look for sufficiently many invariants attached to the hypersurfaces. 

H. Poincare initiated a study of invariants of a real hypersurface by looking at relations between the 
Taylor series coefficients of a defining function and the Taylor series of a transformed equation, in terms of 
the coefficients of the Taylor expansion of a local biholomorphic change of variable. This process of finding 
invariants from the power series expansion point of view was carried out much later in a significant manner 
by J.K. Moser for Levi non-degenerate hypersurfaces. The following local version of H. Cartan's uniqueness 
theorem follows from the classical results of [Call ITali ITa21 ICM] : 

Theorem 0.1. Let T he a real- analytic hypersurface through a point p in C" with non- degenerate Levi form 
and let Fj : Uj — > Vj, j = 1, 2, be two biholomorphic maps, where Uj, Vj are open subsets in C", p G Uj and 
Fj (T nUj) C r for any j . Then, if Fi and F2 have the same 2-jet at p, they coincide in a neighborhood of p. 

Theorem 10.11 becomes false without any hypothesis on the Levi form, as one can see by considering the 
hyperplane Stozq = in C""*"^, whose automorphism group at is infinite dimensional: every F{zQ,Za) = 
{zq, Za -\- f{zo)), for any holomorphic mapping /, is a biholomorphism preserving the hyperplane and fixing 
the origin. Note that in C^, Levi- flat hypersurfaces are the only ones (among real-analytic hypersurfaces) 
for which local biholomorphisms are not uniquely determined by their jets of any order |ELZj . 

Finite jet determination of holomorphic mappings sending one real submanifold to another has attracted 
much attention in recent years, as related in the survey articles |BER5j and [Za2]- After Theorem EH other 
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situations were investigated: finitely non-degenerate hypersurfaces [BERll IZal] ; hypersurfaces of finite type 
in [ELZl IKM] : CR analogues [Hall lHa2l IBER21 IBER4| . Note that it is always either assumed that T 
and r' are real-analytic, or the conclusion is that the formal power series of the mapping F is determined 
by a finite jet. The only finite jet determination result which applies to merely smooth hypersurfaces and 
smooth mappings is due to |Ebe) for smooth /cQ-non-degenerate hypersurfaces: in the particular case fco = 1 
(corresponding to Levi non-degenerate hypersurfaces), it states that any holomorphic mapping which is 
defined locally on one side of a smooth, Levi non-degenerate real hypersurface T C C" and extends smoothly 
to T, sending T diffeomorphically into another smooth real hypersurface T' C C", is completely determined 
by its 2-jet at a point p €T. 

The aim of the present paper is to enter the finite jet determination problem with a more geometrical 
approach. The seminal approach of [CM] is based on finding analytic invariants for real-analytic hypersurfaces 
("normal form"). Here we propose to make use of some well-known invariants for a (sufficiently smooth) real 
hypersurface, namely the stationary holomorphic discs, that is, discs glued to the hypersurface and satisfying 
some differential condition at the boundary. These particular holomorphic discs were first introduced by L. 
Lempert [Lem] . as the complex geodesies for the Kobayashi metric for a strongly convex domain. They 
are involved in the construction of a "Riemann map" for various domains [Leml IST| (see also |CGS1] for 
an almost complex version): roughly, the parametrization of this special family of holomorphic discs h by 
h h-s. (ft-(O), h'{0)) leads to a similar description for biholomorphic mappings. 

The point is to find an analogue at the boundary. A basic observation is that stationary holomorphic discs 
glued to the unit sphere are parametrized by their 1-jet at 0, but also by their 2-jet at any boundary point. 
Based on the fact that this is still true if one replaces the sphere by any non-degenerate hyperquadric, we take 
this as our model case. The general situation of real hypersurfaces will be reduced to a perturbation of this 
model case. With this new method, we obtain an improvement of Theorem 10.11 regarding the smoothness, 
since we do not need real analyticity, nor C°°-smoothness. More precisely, we get: 

Theorem 0.2. Let T, V be two real hypersurfaces of class in C"^^ . and p G T. Assume T is Levi non- 
degenerate at p. Then the germs at p of hiholomorphisms F such that F{T) = F' are uniquely determined by 
their 2-jet at p. 

In fact, the proof of Theorem 10.21 onlv uses the fact that stationary discs glued to F are taken by F to 
stationary discs glued to F'. If the hypersurfaces are strictly pseudoconvex, the real hypothesis is thus that 
the holomorphic map (F, dF^^) is defined locally on one side of F and extends C^-smoothly to F (see remark 
12. 5p . Since a germ of a CR diffeomorphism between two strictly pseudoconvex hypersurfaces admits a local 
one-sided extension, we obtain the following result: 

Theorem 0.3. Let F, F' C C"^^ be two strictly pseudoconvex hypersurfaces of class C^, and let p G T. 
Then the germs at p of CR diffeomorphisms of class between F and F' are uniquely determined by their 
2-jet at p. 

Another situation where this condition occurs near any boundary point is provided by hiholomorphisms, 
or more generally a proper holomorphic maps, between two bounded strictly pseudoconvex domains with 
boundary. So we get the following boundary version of the classical H. Cartan's uniqueness Theorem: 

Theorem 0.4. Let f2, Q,' C C"^^ be two bounded strictly pseudoconvex domains whose boundaries are of 
class C^, and let p G dfl. If Fi and F2 are two proper maps from onto fi' with the same 2-jet at p, they 
coincide. 

This statement is in the following of previous results on holomorphic auto-applications on a domain D. 
Let us recall that if Z? is a connected, smoothly bounded, strongly pseudoconvex domain, and F{z) ~ 
z -\- 0{\z — p\'^), then F — id |BK) . If D is strongly convex, the assumption reduces to F{z) = z-(-o(|z— pp) 
[Hua| . Finally, see |LM] for some finite jet determination results for proper maps, without convexity but 
with real-analytic boundary regularity hypothesis on the domains. 
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One of the main interests of a method using holomorphic discs is that it usuaUy extends to the almost 
complex setting. In the last section, we explain how to obtain almost complex analogues of Theorems 10.21 
and 10.41 Our most significant result in the almost complex case is the following: 

Theorem 0.5. Let J and J' be two almost complex structures of class defined in R"*. Let T, T' be two 
real hypersurfaces of class C^. Assume T is J-Levi non- degenerate at p. Then the germs at p of {J,J')- 
biholomorphisms F such that F{T) ~ V are uniquely determined by their 2-jet at p. 



Let us finally notice that finite jet determination problem is relevant in higher codimension |Bell ILam) . 
We recall that if F is a generic real-analytic submanifold of any codimension with non-degenerate Levi form 
at p, then its local biholomorphisms are uniquely determined by their 2-jet at p. Since stationary discs play 
a role not only for hypersurfaces [Tum] . our method could give results even in this case. 



This paper is organized as follows. In the first section, we recall some classical facts about Levi non- 
degenerate hypersurfaces and stationary discs. Section 2 and Section 3 are devoted to the parametrization of 
the family of stationary discs whose boundaries pass through a prescribed point, respectively for the model 
case (non-degenerate hyperquadric) and for small perturbations. We then prove Theorem 10.21 and Theorem 
10.31 in Section 4. Finally we give in Section 5 the extension to the almost complex situation. 

Acknowledgments. The authors would like to thank B. Lamel for getting them interested in the problem and 
for stimulating discussions and helpful remarks. 



1. A FAMILY OF BIHOLOMORPHIC INVARIANTS 

1.1. Levi non-degenerate hypersurfaces. For z e C""*"^ we write z = (zo,Za) where Za = {zi, . . . ,Zn)- 
As usual Xj = ^ezj and yj — Qmzj. We deal with real hypersurfaces in C""*"^: 

F = {{xo, . . . , 2/„) e C"+i I p{xo, . . . y„) = 0} = {z e C"+i I p(z) = 0} 

where p is a defining function of F, that is p is of class C"* and dp does not vanish on F. Then the tangent 
space at p G F is TpT = Kerdpp, and the complex tangent space at p (i.e. the biggest complex subspace of 
TpT) is T^T = TpT n iTpT. 



Definition 1.1. The hypersurface F is Levi non- degenerate at point p G F if the restriction to TpT of the 



Hermitian form X]o<j j<n dz dz - ^i^i non-degenerate. 



The model cases are non-degenerate hyperquadrics xq = *ZaAza with A an invertible Hermitian matrix, 
which are everywhere Levi non-degenerate. 

Pick p G F. Up to a linear transformation, then using the implicit function theorem, we can assume that 
p — Q and the tangent space to F at is xq = 0, hence F is given by the equation 

/ real quadratic terms in 



/ real quadratic terms m \ lyo/l/ \|3\ 

""=1 yo,xi,...,j;„ j+0(|(,„,z„)| ). 

Instead of grouping terms together according to their degree, we regroup them by weight (see [CM) '): a 
weight 2 is assigned to zq and a weight 1 is assigned to Za- We get the second member of the previous 
equality decomposed in three parts: 



• terms of weight 2: a real quadratic form in Zq, that is q{za) + q{za) + {Hermitian form in Za) with 
q being a complex quadratic form; 

• terms of weight at least 3: linear combination of yg, yt)Xj and y^yj (1 < j < ?^); 

• O(|(yo, •Za)^), which would consist of terms of weight at least 3 if the hypersurface were real analytic. 

After the local change of coordinates zq = z'q — 2q{za), Za = z'^, we obtain that the hypersurface F is given 
in a neighborhood of by the defining function 
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(1.1) p{z)^xo- ^aAza + bovl + ^{bjZj + bjZj)yo + 0{\{yo, Za)\^). 

This depends only on F (and on the point p) . Notice that bo — ^ (0) , bj — Qy^g^ (0) and A is the Hermitian 
matrix A = ~ { a (0)] • Hence F is Levi non-degenerate at iff the matrix A is invertible. In this 

case, F is also Levi non-degenerate in a neighborhood of 0. 

Afterwards, we assume that functions p are under the normal form (jl.ip . and set F'' = {z | p{z) — 0}: 
locally, F'' "looks like" the hyperquadric of equation xq — *ZaAza. The Hermitian matrix A is not a 
biholomorphic invariant of F'', but its signature 

[number of positive eigenvalues, number of negative eigenvalues) 

is a biholomorphic invariant up to the sign. In particular, if F'' is Levi non-degenerate at and F'' is locally 
biholomorphic to F in a neighborhood of 0, then F'' is also Levi non-degenerate at (and the signature of 
A' is ±sgnt(A)). 

Definition 1.2. For peT, let A'^F := {(/) e Tp*C"+^ |Ke(?!)|Tpr = 0} be the is a real line generated by dpp. 
The conormal bundle N*r of F is the bundle over F whose fiber at p £ F is N*T. 

In particular, A^*F is a real submanifold of dimension 2n -|- 2 of the complex manifold J"*C"+^. We will 
need the following characterization due to A. Tumanov: 

Proposition 1.3. |Tum] A real hypersurface F C C"^^ is Levi non- degenerate if and only if its conormal 
bundle N*T is totally real out of the zero section. 

Let us recall that a submanifold of a complex manifold is totally real at some point if its complex tangent 
space at this point is trivial. 

1.2. Stationary discs. A holomorphic disc his a holomorphic function on the open unit disc A C C. When 
h is continuous up to the boundary and h(dA) is included in some submanifold, we say that h is glued to 
this submanifold. 

The first useful case is when the submanifold is a hypersurface, for example the boundary of a domain 
D. Then holomorphic discs in D glued to dD are invariants of D. The second interesting case is when the 
submanifold is maximally totally real, which gives for instance some properties of smoothness for the discs 
up to the boundary. In our case, looking at Levi non-degenerate hypersurfaces, we can take advantage of 
both situations by using Proposition [LSl This leads to the study of stationary discs. 

Definition 1.4. A holomorphic disc h glued to the real hypersurface F is stationary if there exists a 
holomorphic lift h = {h,g) of h to the cotangent bundle r*C"+^, continuous up to the boundary, such that 
VC G 9A, h{C) e .yTTiC) where 

^r(c) {(z, Cw)\zer,we N:r \ {o}}. 

The set of these lifted discs h — {h,g), with h non-constant, is denoted by ^(F). 

Note that i{h= {h, (h*) e =5^(F) satisfies h{l) = 0, then there exists b€R* such that h*{l) = (6, 0, . . . , 0) 
since dpo = (i, 0, . . . , 0) (the defining equation of F being in normal form). We set 

^*(F) {h = (h, Ch*) e S^{T) I h{l) = 0, h*{l) = (1,0,..., 0)}. 

In local coordinates. Definition 11.41 is equivalent to the existence of a continuous function c : dA M* 
such that g{C) = Cc(C)'^P/i(C) ^^'^ extends holomorphically to A. We will often set g{C) = Ch*{C): 

then h* is meromorphic with at most one pole of order one at 0, and {h, h*){dA) is included in the conormal 
bundle out of the zero section. We actually need to allow the fibered part h* to have a pole of order one at 
(let us notice that holomorphic discs glued to the unit sphere have no holomorphic lift to the cornormal 
bundle) . 
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If r = r'' is Levi non-degenerate, then by Proposition 11.31 yyViC) is totally real for all C G dA. We say 
that the holomorphic disc h is attached to the totally real fibration — {._/Kr(C)} (see section [3.11 for the 
definition of a totally real fibration over 9A). 

Notice that, in light of Proposition [T73l the regularity results known for holomorphic discs glued to a totally 
real submanifold |Chi| apply to the map /i if F is Levi non-degenerate. Hence the elements of ^(F) (and thus 
stationary discs and their regular lifts) inherit their regularity to the boundary from the Holderian regularity 
of N*T: since F is C^, 7V*F is C^-"^ for any < e_< 1 and the elements in y{T) arc in Hol(A) nC2''=(A). This 
means that every h e ,9'{T) satisfies h G C2'^(A, T*C"+i) or, equivalently, h\Q^ e C2'^(5A, T*C"+i). The 
spaces C'^'^(9A), 0<e<l,fceN are equipped with their usual norm: 

\Mc^.^o^^ = + sup Mo-hm ^ 

where ||oo max| 

The interest for stationary discs comes from the fact they are biholomorphic invariants. More precisely, if 
is a biholomorphism such that -F'(F) C F', and ft, is a stationary disc glued to F, then F oh is a stationary 
disc glued to F': actually, if h* is a regular lift of h, then h* ■ {dFh)~^ is a regular lift oi F oh. We denote, 

for h = {h,Ch*) e ,9'{T): 

F,h:C^{F{h{C))Xh*{C)idF^o)-') 

and get F^h £ J^(r'). 

Remark 1.5. Assume F is the identity up to order one, that is, F{0) = and dFo — id. Then for every 
h e Y*{T), we get F^h e S^*(T'). 

2. The model situation: biholomorphisms between two hyperquadrics 

In this section, we study the following situation. Assume is a biholomorphism fixing between two 
hyperquadrics = {r^ = 0} and Q^' = {r^' = 0} in C"+^: 

r^{z) := 3?ezo - ^aAza 
r'^'(z) := "Stezo - ^aA'za, 

where the Hermitian matrices A and A' are assumed to be invertible. We first prove that such biholomor- 
phisms are determined by their 2-jet at 0. It suffices to consider the case when Q"^ = := Q and F is 
equal to the identity up to order two. Even if the automorphisms of hyperquadrics are easy to determine (see 
for instance |CM| ). we will not use their explicit expression but only the fact that the family of stationary 
discs is a global biholomorphic invariant. This method will be generalized in the following sections. 

2.1. Stationary discs glued to Q. Stationary discs glued to a non-degenerate hyperquadric are explicitly 
known, and they are actually uniquely determined by their 2-jet at some boundary point. Let us recall that, 
based on Propositions 2.1 and 2.3 from .B12j . we have the following explicit expression for the elements of 

Proposition 2.1. The elements h — ih-Qh*) e •9'{Q) are exactly under the form 

h{C) = 'vAv + 2*vAw — ^ + — ^ + iyo,v + w — ^ 

Cft*(C) = b{C - a)(l - aC) X (1/2, - 'MCJ^) 
where a G A, v G C", w £ C" \ {0}, yo G and & G M* . Moreover, the map (a, v, Wjyojb) i-^ h is a smooth 
parametrization of S^{Q), which makes S^{Q) smoothly diffeomorphic to A xC"x (C"\{0}) xRxR*. 

Corollary 2.2. The maps h M> h{l) e Q and h ^ h{l) G N*Q defined on ,^{Q) are submersions. 
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Proof. According to the previous parametrization of ^(Q), 

h{l) = 'vAv + 2'vAw- + - —- +iyo,v + w- 

\ 1 — a 1 — |a|^ 1 — a 1 — a J 

h*{l) = b\l - X (1/2, - %J1)A) 
Assume {a,v,w,yo,b) G A x C" x (C" \ {0}) x R x R*, and let h = {hXh*) be the corresponding element 
in S^{Q). Notice that 

(2.1) {z, t) e N*Q <s=^ z €Q, toeM., tc + 2io %A = 
hence 

f f^eT.Q 

[ T„+2ro*z„A + 2ioK^ = 
We first consider the map <j>^ : {a,v,w,yo,b) i-> h{l) G Q. For every /i G T^i^Q, that is such that 
3?e HQ = %a{^)Aiia + *iMAha{l), we are looking for some (a', v' , w' , y'Q,b') € C x C" x C" xRxR such that 
d(j)^^ u, j/o 6) ^0' ~ "^^^ " components of this equality give the equation 

/ 1 , 1 , 

V + w + w— —a = 

1 — a (1 — «)^ 

and we can choose v' = jia, w' = and a' = 0. Since by construction dcp^^ v w yob) i^'' 2/0' ^ '^h(i)Q^ 
the first component applied to these values only corresponds to the equation 

3m ^2 S/Aw- ^ + y'Q = Sto/Uo 

thus we can find a convenient j/q. 

Consider now the map </)^ : {a,v,w,yo,b) i— ?■ /i*(l)- Suppose (/x,r) G T(/j(i) /j*(i))(A^*(5) and choose 
u' = /ictj = 0, a' = and j/g the convenient value found previously. We are looking for some 6' G M such 
that #(„,„,^,y3,6)(0, Ma, 0, j/o. b') = (m, t)- Then b' = j^S^s is convenient. □ 

The condition /i(l) = 0, h*{l) = (1, 0, . . . , 0) is equivalent to 

w = —(1 — a)v 
iyo = -j^'vAv 

b\l-a\^ _ -, 
2 ~ 

and a straightforward computation gives that the elements of y*{Q) are exactly of the following form: 

(2.2) '^(O = ^(2^*.A.,.)=i^M0) 

(2.3) Ch*{0 = ^ iC-m-aO ^ (1 _ _ t-^ 

where a G A and G C" \ {0}. 
2.2. Parctmetrization. 

Proposition 2.3. Let Q be a non-degenerate hyperquadric in C"+^. Then y*{Q) is a (2n+2)-real param- 
eter family. Moreover: 

i) the elements h = {h,g) G ■5^*{Q) are smooth up to the boundary; 

ii) the map h ft,(0) is a smooth dijfeomorphism from {h = {h,g) G ^*{Q) \ */Iq,(0)A/1(j(0) ^ 0} onto the 

open set {{■y*vAv,v) | d G C", ^Av ^ 0, 3?e(7) > 1}; 
Hi) the map h (/i^(l), /io(l)5o(l)) C' smooth diffeomorphism from {h G S^*{Q) \ *ha{0)Aha{0) 0} 

onto its image. 



Item Hi) implies that the map h h'{l) defined on {h G ,y*{Q) \ *ha{0)Aha{0) 7^ 0} is one-to-one. 
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Remark 2.4. We could also check that the map h i-> {h'^{l), */i^(l)/i"(l)) defined on ,5^*{Q) is a smooth 
diffeomorphism onto its image, hence non-constant stationary discs h glued to Q such that h{l) — are 
uniquely determined by their 2-jet at point 1. 

Proof. According to Corollary 12.21 ,y*{Q) is a submanifold of real dimension [An + 4) — (2n + 2) of 
(C^''^(9A)) " , given by the one-to-one parametrization A x (C" \ {0}) 9 (a,w) h. 

Using this parametrization of ,5^*{Q), we are able to localize the centers of such discs by looking at the 

map (a, v) i-^ ^2 1 ^.J^^a %Av, . The function a i— > ^^j'^j^'p is a bijection from the unit disc A onto the half 

plane {3?eC > 1} whose inverse is given by ^ Since we consider discs such that the parameter 

V = ha{0) satisfies ^vAv ^ 0, this implies that the map is a smooth diffeomorphism. As a direct consequence, 
we obtain (ii). 

To prove (Hi), let h = {h,g) e y*{Q). We have 

h'{l) = YZ-^ [ i _|q|2 ^^^'^ ' = ' ^ —*^Av,- V 



1 - a 



1+ aK-2a , A / 1 + - 2a -2 



l-a|2 '1-a 

-1 



We have to consider the map h ^ /iq(1)5q(1)). Since h'^{l) = y3^^q(0) and we assume 

'^ha{0)Aha{0) ^ 0, it is equivalent to look at 

h'o{l)g'o{l)] . 

\ 2W^{l)Ah'^{l) °' 'I 

Using the parametrization of /i G ,^*{Q) by (a, u), we set for any (a, w) e A x (C" \ {0}) such that *vAv ^ 0, 

1 1 + lap -2a' 



il){a,v) = 



1 - a ' 1 - a ■ 



Note that ipia, v) — —1 + ■ once more, the properties of the function a n> prove that 

^ is a smooth, one-to-one immersion. We conclude the proof by using of the inverse function theorem. 

□ 



Let us see how it leads to the unique determination of F by its 2-jet at the origin. Assume F is a 
biholomorphism of C"+^ such that F{Q) — and F{Q) C Q, with the same 2-jet than the identity. Let 
z G := {(7%y4t>, w) I u e C", ^Av ^ 0, 5Re(7) > 1}: by {ii) there exists a unique h = {h,g) e ■y*{Q) such 
that h{Q) = z. Since F{Q) = and dF^ = id, the disc F^h is still in Moreover {F^h)'{\) = so 

by {Hi) we get FJfi = and hence F o h = h, and -^(z) = z. This is true for any z in the open set fl so F 
is equal to the identity. This can be resumed in the following commuting diagram: 

F : h{0) >^ Foh{0) 

to t 

h'il) ^ {F^hYil). 
where j^{F, *dF~^) denotes the 1-jet at of {F, W-'^). 

Remark 2.5. Note that if Q is strictly pseudoconvex (i.e. the Hermitian matrix A is positive definite), then 
non-constant discs h glued to Q remain on the same side of the hyperquadric. Indeed, the map —r o h is 
subharmonic and one can conclude by using the maximum principle. Hence in this case the previous diagram 
is still valid if the map {F, *dF~^) is only defined on one side of Q, and of class up to the boundary. 
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3. Discs attached to a perturbation of 

The aim of this section is to generahze Proposition 12.31 to the case of a smaU perturbation of the hyper- 
quadric Q. The method consists in using a theorem of J. Globevnik [Gil] : given a totahy real fibration S' and 
a disc / attached to rf, and under the conditions that some integers depending on # and / are non-negative, 
the holomorphic discs near / attached to a small perturbation of (a form a K-parameter family, where k is 
the Maslov index of (a along /. In our situation, we choose as the totally real fibration and we fix a 
disc h e J^*{Q). This will give a local description of S'*{r) for a small perturbation F of Q. 

3.1. The result of J. Globevnik. Let < e < 1. Consider the following situation: 

• Be is an open ball centered at the origin and f i, . . . , tat are in C^''^(9A, C^{M, M)) 

• / is a map of class C^'*^ from dA to B 

• for every ( G 9 A, 

i) (o'(C) G ^l^jiOi^) =0: 1 < J < N} is a maximal totally real submanifold in C^, 

ii) /(C) e <f (C), 

iii) d^ri A ... A d^f-N does not vanish on dA x B. 

Such a family S' := {S'{()} of manifolds is called a totally real fibration over dA. A disc glued to a fixed 
totally real manifold {S" is independent of C) is a special case of a totally real fibration. 

Denote by GLn{C) the group of all invertible {N x N) matrices with complex entries. Let C, £ dA and 

f dri \ 

consider the matrix G{() := I ■^r-(./(C)) I G GLn{C). For any {N x N) matrix A{() whose columns span 
T{() :— T.f(^Q {£"{()), any row of G{() is orthogonal to any column of A{Q: 



»e(G(C)A(C) = ^ G(C)A(C) = -G(C)A(C) =^ A(C)A(C) = -G(C) G(C). 



Set B{C) = A(C)A(C) = -G(C) G(C) for all C e ^A. Hence the matrix B{Q depends only on r(C) and 
not on a particular choice of defining functions. Moreover, one can find a Birkhoff factorization of B (see 
[Birj ) ■ i.e. some continuous fimctions B^ : A GLn{C) and B~ : (C U oo) \ A ^ GLjv(C) such that 

/ c"^ (0) 



VC e 5A, BiO = B+iC) 



B-iC) 



V (0) 



where B^ and S are holomorphic on A and C \ A respectively. The integers ki > ■ ■ . > hn do not depend 
on this factorization. They are called the partial indices of B (see [Vek| ICGj for more details) or the partial 
indices of S' along f. The Maslov index of S' along f is the sum Kj. 

The following result was stated in [GUj for a fibration given by equations in C'(aA, C2(B)^), but the 
arguments remain valid for C^'^(9A, C^(B)^) (the crucial point is to get Lemma 11.2 with C^^'^ instead of 
which requires to increase the regularity of the equations). 

Theorem 3.1. ([GH], Theorem 7.1) A ssume that the previous conditions hold. For every p = 
{pi, . . . , Pn) G €^•'^{8 a, C^{M)^) in a neighborhood of r — (fi, . . . , tat), we set for all ( G OA 

<fp(C) := W e m^Oi^) - 0, 1 < J < N}. 

Assume that the partial indices of S — Sf along f are non-negative, and denote by k the Maslov index of S 
along f . Then, there exist some open neighborhoods V of f in C^''^(9A, C"^(B)^), U of the origin in W^^'^ , 
W of f in Ci^'(9A,B),, and a map f : V x U C^^'{dA,M) of class such that 

i) T{f,0)^f, 

ii) for all {p,t) G F x [/, the map C H> J-{p,t){C,) — /(C) is the boundary of a holomorphic disc attached to 
the totally real fibration Sp, 

iii) \/p G V , the map .) is one-to-one, 
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'^'j if g (z W satisfies g{(^) G S'p{C) on dA for some p £V and is such that g — f extends holomorphically 
to A, then there exists t Cz U such that g = T(p,t). 

Notice that if / is the boundary map of a holomorphic disc, then this theorem describes all nearby discs 
attached to S'p for some p close to f. 



3.2. Discs glued to a small perturbation of . Let Q be the hyperquadric in C"+^ defined by 

r(z) = Kezo — *ZqAzq 

for some invertible Hermitian matrix A, and fix ft, e S^*{Q). For all ^ G dA we have h{(^) G yyQ{Q. Hence 
h\dA is the boundary map of a disc attached to the totally real fibration .y^Q. 

Moreover, {z,w) G ^Q{C) if and only if r(z) = and C~^w G spangl^r^}, which gives the equation 
(|2.ip . Separating real and imaginary parts, we obtain 2n + 2 equations for -yVQiC)- 



(3.1) 



zq + zq _ t:r a _ n 
9 -^a-^-^CK — '-'7 



i^ - iCwo = 0, 



hiOiz.w) = {wi ~ 2wQdzir{z)) + (^wi - 2wodzir{z)j = 0, 

rn+iiC){z,w) = {wn - 2wodz^r{z)) + (wn - 2wodz„r{z)j = 0, 
fn+2{C){z,w) = i{wi~2wodz^r{z)) -i(wi-2wQdz-,r{z)j ^0, 



f2n+i{C){z,w) = i{wn - 2wodz„r{z)) ~ i (wn - 2wodz„r{z)j = 0, 
where actually only fi depends on (. The {2{n + 1) x 2{n + 1)) matrix G(C) has the following expression 



/1/2 


-LiZa 


L^Za 





.. 


■ ^\ 











-< 


.. 


. 





2woai,i ■ 


■ 2woan,i 


2LiZa 


1 







2woai,n ■ 


■ 2woa„,„ 






1 





2iwQai^i 


. 2iwoan^i 


—2iLiZa 


—i 




V 


2iwoai^n 


. 2iwoan,n 









where Lj denotes the j row of the matrix A = (aij)i<i .,<„. 

/ 2 " 0" 

Right multiplication by the constant matrix *A^^ 

V In+l 

and gives us the matrix 



does not change the partial indices. 
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/I -zi 



2wo 



2iwQ 

Vo 









2LiZa 







2wo 2LnZa 1 

~2iLiZa —i 
2iwo —2iLnZa 



Permuting the rows leads to 



V 







/ 1 -Zl 


-~Z2 . . . 


— Zn-1 





















\ 


2wo 













2LiZa 


1 















21100 













—2iLiZa 


—i 


























2wo 


2LnZa 













1 















2iwQ 


2%lj'fiZ(^ 

















V 





























/ 


; the columns, we get a triangular by block matrix 














/ 1 




... 


- 


-Zn 







\ 













2wq 


1 ... 








2Liz 

















2iwo 


—i 








—2iLiZa 


















... 


2wo 1 


2LnZ 


a 


















... 


2iwo —i 


—2iLn 













with (z, w) = h{C), C e 5A. According to (lOI) . setting b = we have 2wo ^ b(\l ~ a(\'^ with C e dA. 



By multiplying the even columns, except the last one, by 



b(i-aC) 

by 1 — aC, we do not change the partial indices and we obtain the following matrix 



and the odd columns, except the first one. 



Gi(C) := 



/ 1 



V 



(0) 



(*) 



p 



where P 



C(l - aC) 1 - aC 
to compute the partial indices of the matrix 



So P- 



2C(l-aC) 

— t 



It follows that we are reduced 



2(l-aC) 2(l-aC) 



/ 1 



(3.2) i?i(C):=-Gi(C)-iGi(C) 



p-ip 



(0) 



p-ip 



<' J 



( 1 



R 



(0) 



R 
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where R = [ ^ ^ ) • We need the following factorization lemma: 



C 

Lemma 3.2. ( |G11| . Lemma 5.1) Let A : 9A GL2n+2{^) of class (Q < e < \), and denote by ni > 
. . . > K2n+2 the partial indices of the map C, ^ A{QA{C,)^^ . Then there exists a map : A — )■ G'L2„+2(C) 
of class C^, holomorphic on A, such that 

( C (0) 



vc e aA, e(c)A(c)A(c)-i 



e(c). 



V (0) C"^"^ 



By applying this lemma to the matrix A = iGi(^) ^, we obtain a continuous map : A GL2,i+2(C), 
holomorphic on A such that 

/ C''" (0) \ 

vcg^a, e(c)i?i(C)= ■■. e(c). 

V (0) ) 

Denote by I = (Zi, . . . , l2n+2) the last row of the matrix <d. It follows that for all C, £ 5A 

(3.3) mB,{c)^c'-^-m 

• If Zi ^ then (|3.3p gives — Zi(C) = C''^"'''^^i(C) and by holomorphy of 6 we get rt2n+2 > 0. 

• If Zi EE then (O gives two equations -C,h{C,) = C^'+'WI and -CZ2(C) = WJ- 

— If Z2 ^ then Z3 ^ we obtain K2n+2 > 1 by holomorphy. 

— If Z2 = then Z3 = then we obtain two new equations — C^5(C) — C^^"^^h{0 and —(14(C) — 



C^'+'kiO from (lO) . 

Continuing this process we reach the first nonzero element of Z, say Z2p for p > 3. If 2p < 2n + 2 then 
gives -CZ2p+i(C) = C^-^'MO and -CZ2p(C) = C^+^hp+i jC) which imply that K2„+2 > 1. If 2p = 2n + 2 
then (|3.3p gives the equation -C^'2ri+2(C) = C''^"+^^2n+2(C) implying K2n+2 > 2. Since ki > . . . > K2n+2, we 
have proved: 

Lemma 3.3. The partial indices of .yVQ along h^g/^ are nonnegative, hence Theorem \3.1\ applies to our 
situation. 

And more precisely, we have that the Maslov index of ,yVQ along h\Q/^ is 2n + 2. This is a direct 
consequence of the following Lemma (see for instance IBl2 for a proof) 

Lemma 3.4. Assume that the determinant deti? is of class on 5A. Then the Maslov index of B is given 
by 

Since h is smooth. Theorem 13.11 gives open neighborhoods V oi f in C^'^(9A, C^(B)^""'"^), U of the origin 
in R4"+4, W of h\o^ in C^ ^idA, r*C"+i), and a map F:V xU C^''{dA, r*C"+i) of class such that 

• f{r,0) = h\9^, 

• for all {p,t) ^ V X U, the map ( ^ -^{p, t){C) is the boundary of a holomorphic disc attached to 

4 = {MO ■■= W e B|p,(C)(w) = 0, 1 < J < TV}} , 

• for every p G V, the map J'{p, ■) is one-to-one, 

• if / G is the boundary of a holomorphic disc attached to S'p, then there exists t G U such that 
f = Hp,t). 

Let B C C"+^ be an open ball centered at the origin. If the hypersurface F'' is given by a defining 
function p in a neighborhood of r for the C*(B)-topology, then the equation p of the fibration is in a 

neighborhood of the equation f of yKQ for the C^^^idA^C^iM x B)2"+2)-topology. Thus we get: 
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Theorem 3.5. Let Q = {r = 0} where r{z) — Kezg ~ ^z^Aza and A is an invertible Hermitian (n x n) 
matrix. Fix h £ y*{Q) and an open ball B C C"+^ such that h{dA) C B x B. Then for any < e < 1, 
there exist some open neighborhoods V of r in C*{M) and U of in M4"+4, ^ > 0, and a map : V x U 
Hol(A,T*C"+i) nCi''(A,T*C"+i) of class with respect to the C^^" (OA) -topology, such that: 
i) T{r,0) = h\9^, 

ii) for all p d V , the map J-{p, •):[/—>{/ G .y{TP) \ \\f — /^Hci ^(aA) < one-to-one and onto. 

For a fixed h e S^*{Q), Theorem 13.51 describes all nearby discs in ,5^TP as soon as p is close to r (note 
that the neigborhoods depends on the choice of ft., and of course of Q). Since the map is of class C^, most 
properties of the discs in .^{Q) remain true for the discs in 5^ {TP). Let us state more precise results. 

3.3. Discs tied to the origin. The following statement is the analogue of Proposition 12.31 

Theorem 3.6. Let Q = {r = 0} where r{z) = 3?ezo — ^ZaAza and A is an invertible Hermitian (n x n) 
matrix. Fix h G y*{Q), and an open ball B C C"+^ such that h{dA) C B x B. Then for any < e < 1, 
there exist e > and S > 0, both depending on Q and h, such that if \\p — r||(^4(B') < e (with p in normal 
form), the set 

■KA^n {/ = (/,.9) e III/ - ftllci.(aA) < 5} 

forms a (2n-h2)-real parameter family. Moreover, if *'ha{0)Aha{Q) ^ 0, one can reduce the neighborhoods in 
order to get: 

i) the discs f e y^^gi'^'') in C'^'" and satisfy /(A) C B x B; 
ii) the map f i— > /(O) is a difjeomorphism of class from y^g{T'') onto its image; 
Hi) the map f H> (/^(l), /Q(l)(go)'(l)) is a diffeomorphism of class from y^ si^"^) '^^^'^ image. 

Item Hi) implies that the map / i— > /'(I) defined on y^ g{T'') is one-to-one. 

Proof Let J' : V X U ^ Hol(A, T*C"+i) n Ci'"(A, T*C"+i) be the C^-map given by Theorem [331 and 
<j) be the C^-map from V x U to T*C"+i defined by := T{p,t){l). The map {p,t) ^ §i(t){p,t) is 

continuous from V xU to the Banach space >Cc(r*C"+^) of continuous linear maps. According to Corollary 
12.21 ^(/)(r, 0) is of rank 2n -\- 2. For p in a neighborhood of r and t sufficiently small, ^4>{p,t) is thus 
of rank at least 2n -I- 2. This proves that for a fixed p, </>(/?, ■) : U ^ N*{TP) is a submersion and hence 
(f>{p, •)~^{(0, . . . , 0, 1, 0, . . . , 0)} is a submanifold of codimension 2n-|-2 of the open set U. This exactly means 
that ,5^^ g (TP) is a (4n -I- 4) — (2n -I- 2)-parameter family which proves the first part of the theorem. Statement 
i) comes from the regularity results mentioned in section [TT^ since N*Tp is of class C^''^. 

Let be the map from V x U to C"+^ defined by ipipjt) := tt o T{p,t){0), where tt is the canonical 
projection onto the first n + 1 components. According to Proposition [531 ^"0(^1 0) is an isomorphism since 
we have assumed '^ha{0)Aha{0) ^ 0. Hence for p sufficiently close to r with respect to the C^-topology, we 
still get that -^ip^p, 0) is of maximal rank and obtain the result by the inverse function theorem. 

For Hi), we define the corresponding ip{p,t). This map is of class since the linear map / i— > /'(I) 
is smooth on Hol(A, r*C"+^) n Ci'<^(A, r*C"+i) for the Ci''^(aA)-topology. According to Proposition [Ol 
■^ip{r,0) is invertible, so we conclude by arguments similar to those of ii). □ 

The proof of ii) by means of the implicit function theorem also gives: 

Corollary 3.7. In Theorem [376\ let D, := {v = {vo,Va) G C"+^ | *VaAva ^ 0}, and assume h{0) e il. 
Then we can restrict e and S such that there exists an open neighborhood O of h{0) satisfying O C Q and 
O C {/(O) I / G y;:jf2i^'')} as soon as \\p - r||c4(„) < e. 

4. 2- JET DETERMINATION OF BIHOLOMORPHIC MAPPINGS 

Let US notice first that if G and H are two germs of biholomorphisms mapping F to F' with the same 2-jet 
at point p, then F = o G is a germ of biholomorphism equal to the identity up to order 2 and F{V) = F. 
Hence it is sufficient to prove the theorem with the hypothesis F = F' and F is equal to the identity up to 
order 2. 
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Assume also that p = and that T is given by the defining function p in normal form (jl.ll) : 

n 

p{z) = xa- ^ZaAza +bay^ +^{bjZj +bjZj)yQ + (j){yo,Za) with (/)(?/o, ^a) = O (|(yo, ^^q)!^) 



Since F{0) = and dFo = id, y*(T) is invariant by F. Theorem 13.61 gives hence a globally invariant 
family, with a finite number of parameters, associated to F with the picked point 0. We use this fact to get 
Theorem ESI 

Consider the non-degenerate hyperquadric = {z \ r{z) ~ 0} where r(z) — ^ezQ — ^z^Aza- By means of 
the scaling method (originally introduced in [Pinj ) we reduce the situation to the one of small perturbations 
of Q^. 

4.1. Dilations. Let us recall that zq is given a weight 2 and z^ a weight 1: for < > 0, we consider the 
biholomorphism : (zq, ^q) ^ {t^ ZQ^tZa)- This inhomogeneous dilation leaves invariant. 

In the following, we make the restrictions t g (0; 1] and z G B, for some open ball B C C""*"^ centered at 
the origin. 

4.1.1. Dilation of the hypersurface. Since (f> is of class C^, we can decompose it as the sum of a polynomial 
P{yo: ^a) of degree 3 and some function cj) = O {\{yo, There exists a constant C > such that for all 
zeB, VA: = 0,...,4, 

\\d'^4>(yo,zJ\<C\\{yo,Zc.)f~^ 

Set Tt := Aj"^(r) and pt := -p-p o A^. We have 

" - 1 1 ~ 

pt{z) = xq- *ZaAza + bot^yl + ^(6jZj + bjZj)tyo + -^P{t^ya,tZa) + -^(j){t^ya,tza). 

There exists a constant C such that ||6oi^2/o + J^j^ii^j^j + ^jZj)tyo + ^P{t'^yo,tZa)\\c'i{B) < C't. 

Moreover, since ||(?!)(yo, 2^a)|| < C'IKj/o, one can check that ^(f>{t'^yo,tZa) < Ct. Hence Ft = 

(B) 

r^' where the defining function pt satisfies \\pt — ?'||c'1(b) < (C + C')t. The constant (C + C") only depends 
on p and B. In particular: 

Lemma 4.1. Let V be a neighborhood of r in C*(B). Then there exists to > such that pt E V for all 
<t<to. 

This means that for t sufficiently small, the hypersurface Tt is simultaneously in the equivalence class of 
r and in a neighborhood of Q^. 

4.1.2. Dilation of the germ of biholomorphism. Since F is the identity up to order 2, we get F{z) — z + tIj{z) 
and a constant Ci > such that for all z G B, 

mz)\\ < Cillzf , lldV.II < Cillzf , lldV.II < Ci||z||, lldV.II < Ci 
and similarly F^^{z) ~ z + i9(z) gives a positive constant still denoted by Ci such that for all z G F(B), 

\\tnM<C\\\z\\^ <Ci||z||2, IM^^.II <Ci||z||, IM^i^.ll < Ci. 
The constant Ci only depends on B and F. 
Set Ft := At-^oFoAt. 

Lemma 4.2. There exists a constant K, depending only on B and F, such that for all f — if,g) G 
Ci'^(A,r*C"+i) with /(A) c B X 1, 

yt G (0, 1], \\FtJ - f\y..^oA) < t^ll/ll^i.(aA)- 
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Proof. Let t e (0, 1] and / = {f,g) with /(A) c B x B. We set M := ||/||ci,e(aA)- By definition 

Ft./ : C ^ (fi(/(C)),5(C)(rf^^t/(C))"') • 

Set B := Ft - id. Since F{z) = z + ip{z) and Ft = A^"^ o F o At, we have 

Ft{z)=z + At'o^poAt{z) =^ \\B{z)\\<tC,\\zf. 

We also get 

dFt^ =id + A~'^ o dipAtiz) ° At < tCi||2:|p 

and 

(fFt,{v,w) = A-i {cfFj,^^,^{At{v),Atiw))) =^ \\cPB,\\ < tC^zl 

Thus 

\\Bof\\^<tCMl<tC,M\ 
Since {B o /)'(() = dBf^^) ■ /'(C) we have, 

||(Bo/)'||^<tCi||/||^||/'||«,<iCiM^ 

Moreover, for every Q ^ r} & 9 A, 
\\{B o /)'(C) - {B o /)'(r?)|| < II - • /'(Oil + ||rfB/(c) • (/'(C) - fin)) II 

< max lld^B.II X ||/(C) - /(r/)|| x ||/'||^ + tCi||/f^||/'(C) - /'(r/)|| 

zeB(o, 11/11^) 

< 2tCiM^\C, - . 

This impUes that 

(4.1) \\Ft o / - /||ci,.(aA) = \\B o /||ci.=(aA) < tKM-" 
for some positive constant K > Q depending only on B and F. 

For the lift part, we have to consider 

{dFt,)-^ = d{F-')p^^^^ = A-' o d(F-i)A^„j,^(,) o At = A-i o d(F-i)f (A,(.)) o A,. 

For every 2 € B, we set L{z) := {dFt^)^^ — id = A^T^ o (d(F~^)ir(At(2)) — id) o At (the map L takes its values 
in the set of linear maps), and ||(iF||oo := maxl|(iFz||. We have 

||L(^)|| = IIAt"^ od^^(A,(,)) o Atll < l||d^^(A,(.))||i < ^Ci||F(At(^))f 

with ||F(At(^))|| < ||rfF|U||At(0)|| < ||rfF||ooi|kl|, so 

(4.2) V.2GB, ||L(.2)|| <iC||2||2. 
for some positive constant C > depending only on B and F. Since 

dL ^{v) ■ w = At'^ o d^{F-'^)F(K,(z)) {dFA,(z){^tv),Atw) , 

we also have 

lldL.II < ^|M^^^(A,(.))|| X |MFA,(,)||i2 < Ci||F(At(^))|| X lldFlloo 

and thus 

(4.3) Vzel, lldL^II <tC||0||. 

for some positive constant still denoted by C depending only on B and F. We also have to compute d^L: 
d^L^{h,v)-w = At^ od^{F~^)F{K,(z)){d^Ff,^(,){Ath,Atv),Atw) 

+At^ od\F-^)FiA,iz)) {dFA,(,){Ath),dFA,^,-j{Atv),Atw) . 
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Thus 

\\d'L4 < X + ^||d3(^-l)^^^^^^^^|| X ||dFA,(,)pl|(iFA,(,)||t2 

< tC,\\F{A,{z))\\tC,\\z\\+tC,\\dF\\l, 

< tC,\\dF\\lt'\\zf + tC\\\dF\\l. 

So we get 

(4.4) Vz e 1, \\d'^L4 < tC 

for some positive constant still denoted by C depending only on B and F. 

Now we want to estimate \\g ■ (dFtf)^^ — 9\\c'^,'(dA) — \\9 ' L o f\\c'^,'{dA)- In view of (|4.2p we get 

h-Lo /lU < M\\L o /lU < tCMWfWl, < tCM\ 
Finally, {g ■ L o /)'(C) = g'(C) • L o /(C) + g(C) • di/(c)/'(C) and 

||(g-io/)'||oo < M\\Lof\\^ + M^dLf\\^ 

< tCM^ + MHC\\f Woo 

< 2tCM^. 

For every C 7^ ^ £ 9A, 

ll5'(C) • L o /(C) - g'(ry) • L o /(,^)|| < || (.g'(C) - .g'(ry)) ■ L o /(C)|| + Wg'iv) ■ (L o /(C) - L o /(ry)) || 

< M\C-v\'tCM^ + M max x ||/(C) - /(?7)|| 

^eB(o,||/||oo) 



< 2tCM^\C-v\\ 



and similarly 

||.g(C)-dL/(c)/'(C)-ff(r7)-rfi/(,)/' 



< 



(3(0 - .9(^)) • rfi/(C)/'(C)ll + Il3(^?) • {dLf(a - dLf^^)) /'(C)ll 
+ ||g(ry)-dL/(,) (/'(C) -/'(r/)) II 



< M|C-?7rtC||/||ocM + M max Hd^L^HA/IC - ?7|'M 

zeB(o,||/|U) 

+A«cii/iuAfic-??r 

< 3tCAf3|C-?7|' 



by means of (|4.3p and (|4.4p . Hence 



ll(ff-i°/)'llc=(aA) <5tOf3. 

This finally gives 

(4.5) II5 • [dFt f)-' - 5llci..(9A) = II5 • i ° /llci.«(9A) < tKM^ 

for some positive constant still denoted by K depending only on B and F. We conclude by means of (|4.ip 
and (l4?5l). 



4.2. Proof of Theorem 10.21 Fix some point z G = {{j*vAv,v) \ v G C", *vAv ^ 0, Ke(7) > 1} and 
let h = {h, (h*) e S'*Q be the unique holomorphic disc satisfying h{0) — z. Let B C C""*"^ be an open ball 
centered at the origin, such that h{A) C B x B. 

By Theorem 13.61 there exist e > and (5 > (depending only on r and ft,) such that if ||/5 — r||c4(-B) < e, 
then the set 

■ynA^n - {/ e III/ - ft||ci..(9A) < S} 

is a (2n + 2)-parameter family parametrized by / /(O), and the map 

•^hsi^^) C"+i X C"+i 

/ ^ /'(I) 
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is well-defined and one-to-one. Let O be an open neighborhood of z given by Corollary 13.71 

Let K be the constant given by Lemma W?^ and set M := ||/''||ci''(aA)- In view of Lemma [01 there exists 
to > such that for all < t < to, \\pt — ''||c'*(b) < and we can ask for to < 2K{m+i)'-^ • Assume that 
< t < to and let us prove that Ft = A^"^ o F o At is equal to the identity on O. Since O is an open set and 
Ft is holomorphic, this will force Ft to be the identity, and so F = id. 

Let ui G O. According to the choice of O, there exists a unique / — (/, C/*) £ 5/2(1'''*) such that 
/(O) = w. Then Ft^f £ .y*(TP') since Ft(0) = and {dFt)o = id. Moreover, according to Lemma li?^ and 
to the choice of t 

\\FtJ - h\\c..^9A) < \\Ft.f - f\y-^iOA) + 11/ - hWc^.^oA) < t^ll/ll^i.(aA) + ^<S- 

It follows that Ft^f e yuA^^')- But then Ft^f and / are both in ^hA^^')- Since Ft is the identity up to 
order 2, Ft^f and / have the same derivative at 1, which gives Ft^f — f. In particular F o / = / and thus 
Ft{w) = Ft(/(0)) = /(O) = w. This concludes the proof. 

□ 

4.3. Proof of Theorem 10.31 Let F, F' C C"+^ be two strictly pseudoconvex hypersurfaces of class C*. 
Consider a germ at p = G F of a CR diffeomorphism F of class satisfying F{T) = F'. Let p (resp. 
p') be a local defining function of F (resp. F'). According to Lewy's CR extension Theorem for Levi 
non-degenerate hypersurfaces [Lew], there is an open neighborhood U of p in C"+^ such that F can be 
extended as a holomorphic mapping F on {p < 0} D U and continuous up to F. The extension F inherits 
the smoothness of it boundary values and thus F G C"^ ^{p < 0} ClU^ (see Theorem 7.5.1 in [BER3| ). 

Moreover F is up to the boundary F and holomorphic on one side, so its 1-jet at only depends only 
on the 1-jet at of F|r = F, and dpQ is invertible. Hence F is a biholomorphism from {p < 0} H U onto 
{p' < 0} nU' for some open neighborhood U' of F{p). Since dF is up to the boundary and holomorphic 
on one side, d^Fo only depends on dFo and d^F^. It follows that if G is another biholomorphic extension 
of F, then F and G have the same 2-jet at 0. As observed in the introduction, the proof of Theorem 10.21 
carries over to the one sided situation in the strictly pseudoconvex case and therefore the rest of the proof 
of Theorem l0.3l follows the proof of Theorem 10.21 

□ 

5. Almost complex case 

We refer to [SikJ for definitions and basic properties related to almost complex manifolds. In the following, 
we suppose that R^"+^ is endowed with an almost complex structure J of class C^. In this section, we denote 
by Jst the standard complex structure on M^"+^ and by J the set of almost complex structures on M^"+^ of 
class equipped with the C'^-topology. 

Regarding the smoothness, let us recall the following statement, which will allow us to introduce the 2-jet 
of germs of pseudo-biholomorphisms: 

Proposition 5.1. |Lee| Let {M'^",J) and (M'^™, J') be two almost complex manifolds endowed with C 
almost complex structures, r > I, r ^ N. Then, pseudoholomorphic maps from M to M' are C^^^-smooth. 

Proposition 15. II is given in (Lee) in the C°°-smooth case, but the proof goes through the Holderian setting. 
The statement originally concerned pseudoholomorphic discs (that is, M is the standard unit disc) |Sik| . 

5.1. Real submanifolds in almost complex manifolds. Let p be a smooth real valued function on 
J) . We denote by djp the differential form defined by djp {v) := —dp (Jv). The Levi form of p at 
a point p G ]R^"+^ and a vector v G TpR^"+^ is defined by Cjp {p, v) :— ddjp{p) {v, J{p)v) . 

Definition 5.2. A hypersurface F = {p = 0} is J -Levi non-degenerate at a point p G F if the restriction to 
TpT := TpF n J{p)TpT of the Levi form Cjp {p, v) is non-degenerate. 
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We need to define an almost structure on the cotangent bundle. The following construction is due to I. Sato 
[Sat] . We denote by (xi, .. . , a;2n+2) the canonical coordinates on R^"+^ and by (xi , • ■ • , a;2n+2, <Zi, • • • ,<Z2n+2) 
the canonical coordinates on the cotangent bundle T*IR^"+^. We consider the almost complex structure 
defined on the cotangent bundle by: 

By construction J is an almost complex structure and has the following invariance property: if is a 
biholomorphism between (R^"+^, J) and (R^"+^, J'), then its lift to the cotangent bundle is a biholomorphism 
between (r*(R2»+2)^ j) and (T*R2"+2, J'). Also, notice that since J is of class then J is of class C^. 

Definition 5.3. The conormal bundle NjT of a real hypersurface F C R^"+^ is the real subbundle of T*^ ^-^M 
defined by 

iV}r := e r(*i_o)K'"+'|3fte0|Tr = 0}. 

The conormal bundle NjT of F can be identified with any of the following subbundles {(j> € 
T*R^"+^\(f>\Tr = 0} and {(/) € T*M.^"+^\(j)\jTr = 0}. The following result is the generalization of Propo- 
sition [L3] in the almost complex setting: 

Proposition 5.4. [GS| A real hypersurface T C R^""*"^ is Levi non-degenerate if and only if its conormal 
bundle NjT (out of the zero section ) is a totally real submanifold o/ (T*R^""'"^, J') of dimension 2n + 2, i.e. 
TN}TnJTN}r = {0}. 

5.2. Pseudoiiolomorpliic discs attaciied to a deformation of a non-degenerate hyperquadric. 

We follow here the approach used in |CGS1| for smooth deformations of the unit sphere. Let us recall that 
for a structure J sufficiently close to the standard complex structure, the J-holomorphy equation for a disc 
/ : A (R2"+2, J) is given by 

(5.2) djf ■.= ^ + Q-o{JJ)^^0 

where the conjugate linear operator Qa{J, f) = [{J + Jst)^^iJ — Jst)] ° / satisfies Qo{Jst, ) = 0. 
The J-holomorphy equation for a disc / = (/, .9) : A ^> (T*R2"+2, J) is given by 

(5.3) Bjf := (^Bjf, || + QT(J, /)|| + Q2(J, /)g) = 

where the operators Qi and Q2 satisfy Qi{Jst,-) — Q2{Jst,-) — 0. More precisely, we have Qi{J, f) = 
CJ{f) + %t)-H'Jif) - 'Jst) and Q2(J,/).9 = (*J(/) + *J.t)-iM(/,g)|i where M is defined in 

Definition 5.5. A J-holomorphic disc / glued to a real hypersurface T is J-stationary if there exists a 
J-holomorphic lift / = (/, g) of / to the cotangent bundle T*R2"+2, continuous up to the boundary, such 
that VC e 9A, /(C) e ^jr(C) where 

^jT{C) := {{z, Cw)\zeT,we NIjT \ {0}}. 

The set of these lifted discs / — {f,g), with / non-constant, is denoted by S^j{T). 

We also set 

^;(r) := {/ = (/, g) e yj{T) \ /(i) = 0, g{\) = (1,0,..., 0)}. 

Regularity for pseudoholomorphic discs glued to a totally real submanifold has been studied by Coupet- 
Gaussier-Sukhov (Proposition 4.7 in |CGS2j . see also Theorem 1 in [BU] ). Under our hypotheses (P is a 
Levi non-degenerate hypersurface of class C*, J is of class C^), discs / G -5^/(P) are in C-^''(A) for any e > 0. 
Let Q be the hyperquadric in C"+^ defined by 

r{z) = SRezo — *ZaAza 

for some invertible Hermitian matrix A, and fix /i = {h,g) G S''*{Q) such that h{A) C B x B for some open 
ball B C R2"+2 centered at the origin. We want to describe, for J sufficiently close to the standard structure 
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Jst, the family of J-stationary discs glued to a small perturbation of the hyperquadric Q and close enough 
to h. 

Let Sp = {(o'p(C) := {w £ B|/5j ((^)(a;) =0, 1 < j < 2n + 2}} be a totally real deformation of the totally 
real fibration jyQ. A J-holomorphic disc / e C^'^(A, r*C"+^) is attached to <Sp if and only if it satisfies: 

P(C)(/(C)) = 0, Ce5A 

djfiC) = 0, CeA. 

Let Uhesi neighborhood of if,r,J,t) in the space Ci''(A, r*C"+i) x C^''{dA,C^{n x B)2"+2) x J (where 

f is the equation of ,yKj^^ Q as in Section 13.21) , and define the map 

, . ^ : U ^ Ci'^(5A,R2"+2) X ^e(^) 

where Vf^p : dA R^''^^ is defined by v/,p(C) = p(C)(/(C))- The first component of $ is the map previously 
introduced for the standard case. The second component of $ checks the pseudoholomorphy condition, and 
is of class according to the explicit expression of djf and the following lemma: 

Lemma 5.6. Let : B" — > C be of class on an open ball B" C C" and B*^ be a ball in C'' . Then the map 

C^(/,B'^') X C2(B^B") ^ C'(/,C) 
{f,9) ^ tpogof 

is of class (I is a bounded subset of the complex plane). 

Note that this is the reason why we need the almost complex structures to be C^. 

Proof Setting A{g) = V ° 5 and B{f, h) ^hof,we get V o ,g o / = B{f, A{g)). The map A : C2(B'^, B") ^ 
C2(B'^, C) is of class ( |HT] . Lemma 5.1-a with fc = 2, a = 0, s = 1). So it remains to prove that the map 
B : C^{I, W") X C2(B'=, C) -J- C\I, C) is of class C^. This follows from Lemma 6.1 in [GTT, but since our case 
is simpler, we give the proof for completeness. 

For any fixed / G C'^(/, B*^), the map g ^ g o f is linear continuous from C2(B'^, C) to C^(/, C), hence of 
class and d2B(^j g) • g : x H> g o f{x). Since 

(5.5) go{f + f){x)-gof{x)^ [ dg^.(,)+„(,)-f(a;)dt, 

Jo 

we get ||g o (/ + f ) — g o /Ijj < ||g||c2 ||f lie. Thus the partial differential ^2-6 is continuous at any point. 

The first partial map / ^ g o / is of class from C'{I, B'=) to C'{I, C) for any fixed g G C^{M'',C) f [HT] . 
Lemma 5.1-a with k = 0, s — I), and the corresponding partial differential is given by diB(^j gj ■ f : x t-^ 
dgfi^^) ■ f{x) for any f G C'^(aA,B'=). Moreover, 

IMiS(/+f,g+g) -di%,g)|| < ||d(5 + g)/+f -dgfW^ < \\dgf+i - dgf\\, + ||dgy+f||e. 

The first part tends to when ||f ||e according to [HTj . Lemma 5.1-a with fc = 0, s = 0, since dg is of class 
C^. The second part is uniformly bounded in ||f ||e by ||dg||ci by ()5.5p . Hence ||dii?(/+f .g+g) — (iii?(/^g)|| 
when (f ,g) -I- in C^(/, B*") x C'^{E'',C), and the map diB is continuous at point (/, g). 

Hence B admits continuous partial differentials diB and d2B. □ 

The differential di$(/i, f , J^t) is the continuous linear map from C^-''{A,T*U'+^) to Ci''(9A, R2"+2) x 
C'{A) defined for every u G Ci''(A, T*C"+i) by 

di$(/i,r, J,t)(w) = On ' 
V ac 

We recall that for ( G dA, G(C) = ( ■7rr-{h{()) I , and G is smooth since f and h are of class C° 



As noticed in |CGS1| , it follows easily from the resolution of the classical 9-problem in the unit disc that 
if the linear map u ^ 2^e{Gu) from Hol(A, T*C"+i) n Ci''(A, T*C"+i) to C^^^{dA,R^"+^) is onto then 
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di^{h,r, Jst) is onto. In that case, according to the imphcit function Theorem, the set of J-stationary 
discs glued to a hypersurface F is locahy a (2n + 2 + A:)-dimensional manifold providing that F is a small 
C^-perturbation of the hyperquadric and that J is a small C'^-perturbation of the standard structure, where 
k is the dimension of the kernel of u h^. 2^e{Gu). 

In jG12j (Theorems 3.1 and 6.1), it is proved that if the partial indices of the totally real fibration AfQ 
along h\gA are nonnegative then the linear map u i— 25fte(Gu) from C^(A) to C'^{dA) is onto and has a 
k dimensional kernel, where k is the Maslov index of J\fQ along h\gA- Partial indices and the Maslov 
index oi MQ along ft.|gA have been already computed in subsection 3.2 (see Lemma [3.31 and Lemma [3.4p . 
Moreover, usual properties of the Cauchy transform give that \i v € C^''^(9A), then the solution u satisfying 
2^e{Gu) = V constructed in (GE] is actually in Ci''(A), thus the map u ^ 23?e(Gu) from Ci^'(A) to C^^^^d/^) 
is still onto (and still has a k dimensional kernel). We obtain: 

Theorem 5.7. Let Q = {r = 0} where r{z) = SRczq — ^z^Az^ and A is an invertible Hermitian {n x n) 
matrix. Fix h S y*{Q) and an open ball M C C"+^ such that h{dA) C 1 x B. Then for any < e < 1, 
there exist an open neighborhood V of r in C^(M), X>0 andS>0 such that for any p Cz V and any almost 
complex structure J satisfying || J — Jst\\c^{B) < A, the set of discs f G ^j(r'') such that \\ f — h ||ci,«(A)— ^ 
forms a {An + A) -real parameter family. 

In the above Theorem, it is important to notice that according to Proposition [5T31 since p and J are small 
deformations of r and Jgt, the conormal bundle is NjT^ is a totally real deformation oi MQ. We also obtain 
an almost complex analogue of Theorem 13.61 and Corollary 13. 71 

Theorem 5.8. Assume that the conditions of Theorem \5.7\ are satisfied. Then 

■yUA^') ■■= if = (/'5) e .yjivp) III/ - h\y..^9A) < 6} 

forms a (2n+2)-real parameter family. Moreover, if %a{^)Aha{Q) ^ 0, one can reduce the neighborhoods in 
order to get: 

i) the discs f e y^.s^jiT'') satisfy /(A) C 1 x B; 

ii) the map f i— > /(O) is a diffeomorphism of class from -5^^ ^ j(r'') onto its image; 
Hi) the map f i—> /'(I) defined on g j(r'') is one-to-one. 

iv) if h{0) G 57 = {w = {vo,Va) e C"^"'^ | *VaAva ^ 0} then there exists an open neighborhood O of h{0) 
satisfying O C and O C {/(O) | / G 5/2 '^^ soon as \\p — r\\ci(B) < £• 

This is basically obtained by following the proof of Theorem 13.61 and introducing the J-holomorphy 
equation as a second member of the studied maps as it was done in (15.41) . 

5.3. 2-jet determination in the almost complex case. Let J be an almost complex structure of class 
defined on R^"+^, and F be a real hypersurface of class C^. Assume F is J-Levi non-degenerate at p, and 
that F is a (J, J)-biholomorphism such that F(F) C F. As in the standard case, we use the description of 
stationary discs given in Theorem l5.8l to get a finite jet determination result. In the following, we only point 
out the modifications we need in order to adapt the proof given in the standard case. 

We first reduce to p = and J(0) = Jst. Then, following the proof of Theorem 10.21 in Section |4l we can 
assume that the hypersurface F is given in a neighborhood of the origin by the defining function 

n 

p{z) = xo - *^aAza + bovl + ^i^j^j + ^j^j)yo + 0{\{yo,Za)\^) 

i=i 

which is the normal form (jl.ip . Since this equation is obtained after a holomorphic change of variable, we 
still have J(0) = Jst and we can write 

Jh + Aiz) B{z) \ 
C{z) J^, + D{z) J 
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where J^f. (resp. Jl\) denotes the standard structure of (resp. R^") and A, B, C, D are of class and 
vanish at 0. In particular the (2 x 2n) matrix B has the following form 



B{z) = ^(B2fcXfc + B2k+iyk) + 0{\\z\\ 



2^ 



k=Q 

Fix some point z = {{-f*vAv,v) | w e C", ^vAv ^ 0, ^e{j) > 1} and let h = (hXh*) £ y*Q be 
the unique holomorphic disc satisfying h{0) = z. Let B C C"+^ be an open ball centered at the origin, such 
that h(A) C B X B. By Theorem [Ol there exist e > 0, A > and S > such that if \\p - r||c4(B) < e and 
II J — Jst\\c-^(B) < ^ then the set 

^M,j(n = {/ e y^n 111/ - ^iIci.(a) < s} 

is a (2n + 2)-parameter family parametrized by / i— > /(O), and the map 



/ ^ /'(I) 

is well-defined and one-to-one. 

As in Section m we use an inhomogeneous dilation in order to reduce to a sufficiently small perturbation 
of the model case T = Q, J = Jgt- We underline the fact that "sufficiently" is given by Theorem 15.81 and 
thus depends on the choice of h (that is, of our choice of point z). Let us use the same notations as in the 
standard case: : {zQ,Za) ^ {t'^ZQ,tZa) is the inhomogeneous dilation. Ft :— A^^(F) and pt := -^poAt 
defines the dilated hypersurface, and Ft := A^^ oFoAt is the dilated map. We also set Jt :— A^^ o J(At) o A^ 
the dilated almost complex structure: 

^^■^> ^*~[ tCoAt Jl't+DoAt 

Notice that Ft = A^"'^ o F o At is a (Jt, Jt )-biholomorphism. 

We already know (see Lemmas 14.11 and I4.2p that there exists some to > such that for any Q < t < t^, 
\\p - r\\c^{v,) < £ and Ft^f is in Jt^''*) any / g -^h s j^i^''*)- Hence it only remains to check the 
convergence of the dilated almost complex structures Jf as t tends to 0. According to (|5.6p . the sequence 
( Jt) converges with respect to the C^-topology on any compact subset of R^"+^ to the model structure Jq 
defined by 

Jit b{za) 



JPt 



where 6(zq) = X)fc=i(^2fc2;fc + i?2fc+i2/fc) is the linear part of B in the last n coordinates. It follows that one 
can choose to > so that for any < t < to, the condition 

ll>^t ~ >^o||c3(B) < A 

is also satisfied. 

Assume 2n > 4. In case the model structure Jq is sufficiently close to J^t, the same proof than in the 
standard case gives that Ft is equal to the identity on the open set O, and thus F is equal to the identity 
on some open set. We conclude by using the following result, which is certainly well-known: 

Proposition 5.9. Let F and G be two pseudoholomorphic maps between almost complex manifolds {M, J) 
and (M', J'). Assume that (M, J) is of class C, r > 1 and (M, J) is of class , r' > 0. If M is connected 
by path and F and G coincide on an open set, then they coincide everywhere. 

Proof. Assume that F and G coincide on some neighborhood of some point a. Pick b and some continuous 
path between a and b. According to Proposition Al in (IRj . for any z on this path, there exists some R{z) > 
such that for any points a,/3 £ M{z,R{z)), one can construct a J-holomorphic disc u satisfying u(0) — a, 
m(^) — (3. We take a finite covering of the path by such balls B(2:o, ^^(^o)), • • • , B(zfc, R{zk)), with zq = a and 
Zk = b. We can assume that two successive balls intersect, and that F and G coincide on B(2:o, R(zq))- 
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Pickao G Bl-^Oi -R(2o))nB(zi, i?(zi)). For any /3 G M{zi, R{zi)), there exists a J-holomorphic disc u passing 
trough ao and /3. The discs Fou and Gou coincide on the nonempty open set u^^(B(zo, R{zo))nM{zi, R{zi))). 
It then foUows from the unique continuation property of pseudoholomorphic discs (see Proposition 3.2.1 in 
[Sikj ) that Fou coincide with G o m on A. Thus F(J3) = G{P) and so F and G coincide on B(zi, i?(zi)). 
Gradually, this gives that F and G coincide on B(zfe, R{zk)) and so F{h) = G{h). □ 

Therefore we obtain: 

Proposition 5.10. Let J and J' be two almost complex structures of class defined on Let T , V 

he two real hypersurfaces of class . Assume T is J -Levi non- degenerate at p, and that J is sufficiently close 
to the standard structure Jst with respect to C^-topology. Then the germs at p of (J, J')-biholomorphisms F 
such that F{T) — V are uniquely determined by their 2- jet at p. 

Of course, this result only holds under the assumption that the model structure Jo is close enough to Jst- 
In the general case, we would obtain a small perturbation of the hyperquadric Q equipped with a model 
structure Jo (see |GS| for the study of these special almost complex structures) . So our method would need 
to determine the Jp-stationary discs glued to Q, and to compute the partial indices in this case. 

Assume 2n = 4. The situation is rather different and we do not need to consider only perturbations of 
the standard structure. We use the following 

Lemma 5.11. If n = 2, we can always assume that Jq = Jst- 

Proof. In one can choose coordinates centered at the origin such that the structure J has the form 
J = I I n ) ' '^here A and D are two (2 x 2) matrices vanishing at 0, and where the equation 

of r is given by 

xo + 5ie(czi) - a|zip + boyo + (foi^i + biZi)yo + 0{\{yo, zi)\^) = 0. 
After the local change of coordinates zq — z'q ~ czf, z\ = z[, the hypersurface T is given by the defining 
function 

p{z) =xo- a|zip + boy^ + {bizi + &iZi)yo + 0{\{yo, zi)\^) 

( J^ ^ A B \ 

and the structure, still denoted by J, has the form "^~( J^ + D ) ^ where B{z) = 0(|zi | ||z||). 

We thus obtain that Jt = A^^ o J{At) o At converges to the standard structure Jst- Q 



Hence this proves Theorem 10.51 and we get a finite jet determination result in a four dimensional almost 
complex manifold. 

5.4. Boundary version of the uniqueness Theorem. In the almost complex setting, the following 
analogue of H. Cartan's uniqueness Theorem is due to |Leej : let F : M — >• M be a pseudoholomorphic map, 
where (Af , J) is a smooth almost complex manifold assumed to be connected and Kobayashi hyperbolic; if 
F{p) = p and dFp = Id, then F is the identity mapping. 

The proof of Theorem 10.51 actuallv gives a boundary version of this result. As in the standard case, we 
only used the fact that the pseudoholomorphic map {F,dF~^), even defined locally only on one side of F, 
extends C^-smoothly to F. This is the case if is a pseudo-biholomorphism, or more generally a proper 
pseudoholomorphic map, between two bounded strictly pseudoconvex regions with C'* boundary. So we 
obtain: 

Corollary 5.12. Let J and J' be two almost complex structures of class defined in R^. Let Q (resp. 
Q,' ) be a bounded strictly J-convex region (resp. a bounded strictly J'-convex region) in W^. Assume the 
boundaries of these domains are of class and let p G d^. If Fi and F2 are two proper (J, J')-holomorphic 
maps from £7 to VL' with the same 2-jet at p, they coincide. 

We recall that a strictly J-convex region of class is a domain admitting a global defining function of 
class whose Levi form is positive definite in a neighborhood of fl. 
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